A fundamental statement in diffusion theory is provided by the so-called theorem on reduced dimensionality. The latter theorem is saying that if the dimensionality of the turbulence is reduced, charged particles are tied to a single magnetic field line. If there is pitch-angle scattering and therewith parallel diffusion, this usually means that perpendicular transport is subdiffusive. Subdiffusive transport was found in numerous simulations for slab turbulence. However, it was unclear whether the theorem is valid for other models with reduced dimensionality such as the two-dimensional model. In the current paper, we simultaneously trace magnetic field lines and energetic particles and we compute the distance between the particle and the initial field line. We confirm the aforementioned theorem for slab turbulence but we cannot confirm it for two-dimensional turbulence. We also show that particles are not tied to field lines for two-component turbulence. V C 2015 AIP Publishing LLC. [http://dx
I. INTRODUCTION
A fundamental problem in physics is the interaction between charged energetic particles and a plasma. Examples for physical systems in which this problem is relevant are the solar wind, the interstellar medium, and fusion devices (see, e.g., Ref. 1 for a review). In all cases, particles interact with a mean magnetic field and a turbulent component. The latter field is leading to a stochastic motion of the particles which is often assumed to be diffusive.
Especially, the description of spatial diffusion is crucial because this process controls the motion of particles in the plasma (e.g., the motion of cosmic rays in the solar system or in galaxies). Here, one has to distinguish between diffusion along and across the mean field. The latter two processes are also called parallel and perpendicular diffusion, respectively. In principle, one can use two different tools to describe such processes, namely, analytical theory and testparticle simulations. Both approaches have their advantages and disadvantages.
In the current paper, we focus on perpendicular diffusion. In astrophysics, for instance, the problem of cross field diffusion is known since the sixties of the 20th century. Jokipii (see Ref.
2) developed a quasilinear theory for parallel and perpendicular diffusion. Although quasilinear theory is frequently employed and can definitely be used for parallel diffusion in some cases (see, e.g., Refs. 3 and 4), it fails for perpendicular diffusion in the general case. A powerful tool is provided by the so-called unified nonlinear transport theory (see Ref. 5) . The latter theory provides the correct field line random walk limit with the field line diffusion theory developed by Matthaeus et al. (see Ref. 6) . The latter theory in turn contains the quasilinear limit as well as the nonlinear limit derived originally by Kadomtsev and Pogutse (see Ref. 7) . Furthermore, the unified nonlinear transport theory contains quasilinear theory and the nonlinear guiding center theory (see Ref. 8) as special limits as well. The theory also provides subdiffusive transport for magnetostatic slab turbulence in agreement with test-particle simulations (see, e.g., Refs. 9 and 10).
The subdiffusive behavior obtained for magnetostatic slab turbulence is a consequence of the fact that particles are tied to a single magnetic field line and simultaneously experience parallel diffusion. This process is also known as compound diffusion (see, e.g., Refs. 11-13). Therefore, a fundamental question in diffusion theory is the question whether particles follow field lines or not. A theorem which deals with this question is the theorem on reduced dimensionality (see Refs. 14 and 15). The theorem on reduced dimensionality states that in turbulence with reduced dimensionality the particle is tied to a single magnetic field line. Examples for turbulence models with reduced dimensionality are the slab model and the two-dimensional model. Whereas it was proven in Ref. 16 that the theorem is correct for magnetostatic slab turbulence, it is unclear whether the theorem also applies to two-dimensional turbulence and a two-component turbulence model where we superpose slab and two-dimensional modes.
In the current paper, we perform test-particle simulations for a slab/2D composite model. We trace magnetic field lines and energetic particles simultaneously and compute the distance between particles and field lines to explore whether particles are indeed tied to magnetic field lines or not.
The remainder of this paper is organized as follows. In Sec. II, we present the test-particle simulations used in the current paper. In Sec. III, we compute the distance between magnetic field lines and particle positions and discuss our results. We end with a short summary and some conclusions in Sec. IV.
II. NUMERICAL SIMULATIONS
We perform simulations in order to compute magnetic field lines and particle orbits. We employ a code which was used before (see, e.g., Refs. 9 and 17). We assume that the total magnetic field is given byBðxÞ ¼ B 0ẽz þ dBðxÞ. In the following, we use a Cartesian system of coordinates in which the z-axis is aligned parallel with respect to the (constant) mean magnetic field B 0 . The turbulent magnetic field dBðxÞ is assumed to be perpendicular with respect to the mean field. Furthermore, we neglect electric fields, dynamical turbulence effects, and collisions. In the following, we discuss the model used for the turbulent component, the method which is used to obtain field lines and particle trajectories, and some numerical details. 
Here, we have used the correlation tensor of the slab modes P slab lm and the two-dimensional modes P 2D lm , respectively. The tensor of the slab modes has the form
with l, m ¼ x, y. Here, we have used the Kronecker delta d lm and the Dirac delta d(k ? ), respectively. The other tensor components are zero due to the solenoidal constraint. Furthermore, we have used the turbulence spectrum of the slab modes g slab (k k ). The two-dimensional modes are defined via
if l, m ¼ x, y and P lz ¼ P zm ¼ P zz ¼ 0. In this particular model, the magnetic field vector as well as the spatial dependence are two-dimensional. In Eq. (3), we have used the spectrum of the two-dimensional modes g 2D (k ? ).
B. The model spectra
For the two spectra introduced above, we use the following forms:
and
The spectrum g slab (k k ) is in agreement with the one originally used by Bieber et In the two spectra, we have used the following parameters: the slab bendover scale l slab , the two-dimensional bendover scale l 2D , the magnetic field strength of the slab modes dB slab , the magnetic field strength of the two-dimensional modes dB 2D , the inertial range spectral index s, and the energy range spectral index q. In Eqs. (4) and (5) we have also used the normalization functions
and C(s) D(s, q ¼ 0). Here C(z) denotes the Gamma-function. Furthermore, the two spectra are correctly normalized for s > 1 and q > À1.
C. Our numerical tool
The first step in performing computer simulations is the creation of the turbulence. We simulate the turbulence model described above, namely, the two-component model. The slab spectrum is created with a periodic box of size 10 000 l slab and N z ¼ 4 194 304 points and the twodimensional spectrum is created with a periodic box of size 100l slab Â 100l slab and N x Â N y ¼ 4096 Â 4096 points. The perpendicular correlation scale for two-dimensional turbulence l 2D is set to be 1/10 of the parallel bendover scale. For the relative turbulence strength we use dB/B 0 ¼ 0.5. For the inertial range spectral index, we employ s ¼ 5/3 and for the energy range spectral index of the two-dimensional modes we set q ¼ 1.5.
After creating the turbulence we solve the field line equations,
to obtain the field lines x FL (z) and y FL (z). Furthermore, we obtain the particle trajectory by solving the Newton-Lorentz equation
For each particle, we compute the Cartesian components of the position vector x P (t), y P (t), and z P (t). In our simulations, we solve the field line equation and the Newton-Lorentz equation based on an accurate fourth-order Runge-Kutta method with adaptive step size control by a fifth order error estimate with a normalized per-step-accuracy of one part in 10 9 (see, e.g., Ref. 24) . It is shown that the numerical procedure's contributions to the spatial diffusion coefficients are ignorable. More details about the used numerical method and its tests are given in Refs. 9, 17, and 25.
The distance between the particle and the field line is given by n x ðtÞ ¼ x p ðtÞ À x FL ½zðtÞ; n y ðtÞ ¼ y p ðtÞ À y FL ½zðtÞ:
For each case, we calculate one magnetic field line and the trajectories of 1000 test particles whose initial guiding centers are in coincidence with that field line. The typical (average) distance between the particles and the field line is then given by
If the particles are tied to the magnetic field line, we expect that
even if the time t ! 1. Here, we have used the unperturbed Larmor radius R L . If particles move away from the field line we expect
Our numerical results are presented in the Sec. III.
III. TEST OF THE THEOREM ON REDUCED DIMENSIONALITY
Results obtained from test-particle simulations depend on the magnetic field strength of the slab modes dB slab and the two-dimensional modes dB 2D . Useful parameters are
Usually it is assumed that E slab ¼ 0.20 and E 2D ¼ 0.80 in the solar wind at 1 AU heliocentric distance (see, e.g., Ref. 26) . Another parameter controlling the diffusion coefficient is the (unperturbed) Larmor radius R L . In the current paper, we measure length scales with respect to the slab bendover scale and, thus, the parameter which has to be specified in the simulations is R ¼ R L /l slab . For the simulations performed in the current paper, we set R ¼ 0.02 for all runs.
A. Pure slab turbulence
A model with reduced dimensionality is the slab model in which we have by definition E slab ¼ 1.00 and E 2D ¼ 0.00. The parameter d/R L is shown for slab turbulence in Fig. 1 versus the time Xt where we have used the (unperturbed) gyrofrequency X. According to our result, the ratio d/R L is close to one for all considered times t. If the distance between particle and field line corresponds to the Larmor radius, we expect that
8. This explains the numerical value obtained here. This means that the particle is tied to a single magnetic field line. Indeed, we can confirm the theorem on reduced dimensionality for magnetostatic slab turbulence. This is what we have expected since the latter theorem was confirmed by exact analytical calculations for this specific turbulence model in Ref. 16 .
In Fig. 2 , we show the field line diffusion coefficient to demonstrate that field line random walk is indeed diffusive for the case considered here. Fig. 3 shows the perpendicular diffusion coefficient of the energetic particles. Clearly subdiffusive transport can be found as expected. A more detailed analysis shows that in this case hðDxÞ 2 i / ffi ffi t p corresponding to compound diffusion (see, e.g., Ref. 12).
B. Two-dimensional turbulence
Another model with reduced dimensionality is the twodimensional model in which we have by definition E slab ¼ 0.00 and E 2D ¼ 1.00. In Fig. 4 , we have shown the (normalized) distance d/R L versus the time Xt for that case. Whereas for slab turbulence, we find that this distance is not increasing with time (see Fig. 1 ), the situation is different for two-dimensional turbulence. In this case, the distance increases with time meaning that the particles do not follow magnetic field lines. Therefore, we conclude, that the theorem on reduced dimensionality does not apply for twodimensional turbulence.
In Figs. 5 and 6, we show the field line and particle diffusion coefficients, respectively. Although particles are not tied to magnetic field lines in this case, perpendicular transport is still subdiffusive.
C. Two-component turbulence
In this section, we have shown already that the theorem on reduced dimensionality is not valid for two-dimensional turbulence. In the following, we investigate particle diffusion in a slab/2D composite model which is often considered to be a realistic model for solar wind turbulence. Again we compute the distance between particles and field lines. The results are shown in Fig. 7 for three different values of E slab . Clearly, we can see that the distance d/R L increases again with time and, thus, we conclude that particles do not follow field lines in two-component turbulence. In Fig. 8 , we have shown the distance d/R L versus the ratio E 2D /E slab for a specific time. The distances d/R L shown there were obtained by computing the distances for times between Xt ¼ 5000 and Xt ¼ 8000 and then we averaged over all results. This allows us to estimate how strong the distance d/R L (at a certain time) depends upon the ratio E 2D /E slab . We can see that if the latter ratio is small (corresponding to slab like turbulence) the distance d/R L is close to one corresponding to the case that particles follow field lines. If we increase the ratio E 2D /E slab , we find an increase of the distance d/R L . In almost all cases, the distance is much larger than one meaning that particles move away from the initial magnetic field line.
In Figs. 9 and 10, we have shown the corresponding field line and particle diffusion coefficients. We can see that field line random walk is diffusive in all three considered cases. Perpendicular transport is subdiffusive after overcoming the initial ballistic regime. For later times, the subdiffusive regime turns into a diffusive regime. Fig. 10 also shows that for larger values of E slab it takes longer to overcome the subdiffusive regime.
IV. SUMMARY AND CONCLUSION
In the current paper, we revisit a well-known problem in plasma and astrophysics, namely, the problem of perpendicular diffusion of energetic particles. In the past, the so-called theorem on reduced dimensionality was proposed in Refs. 14 and 15, which states that in turbulence with reduced dimensionality, the particles are tied to a single magnetic field line. The latter theorem was confirmed by exact analytical calculations for magnetostatic slab turbulence in Ref. 16 . It is the purpose of the current paper to perform test-particle simulations to check the validity of the aforementioned theorem. We perform simulations for slab/2D composite turbulence which contains two models with reduced dimensionality as special limits, namely, the slab model and the two-dimensional model.
In Fig. 1 , we show the typical distance between a particle and a magnetic field line for slab turbulence. It can clearly be seen that this distance is limited which confirms that particles indeed follow magnetic field lines. Clearly, we can confirm the theorem on reduced dimensionality for magnetostatic slab turbulence and therewith the work done in Refs. 14-16. This also means that compound diffusion models as proposed in Refs. 12 and 13 are valid for magnetostatic slab turbulence.
In Fig. 4 , we have shown the distance versus time for two-dimensional turbulence which is another model with reduced dimensionality. In this case, however, we find that the considered distance is increasing with time and, thus, particles do not follow field lines. We conclude that the theorem on reduced dimensionality does not apply for twodimensional turbulence.
Often it is assumed that solar wind turbulence can be approximated by a so-called slab/2D composite model (see, e.g., Ref. 18) . In this case we superpose slab and twodimensional modes and, therefore, this model is also known as a two-component model. As before, we have computed the distance between particles and field lines and found that this distance is increasing with time. Therefore, particles do not follow field lines and the theorem on reduced dimensionality does not apply for two-component turbulence. Compound diffusion models cannot provide a realistic description of perpendicular transport in this case and advanced nonlinear diffusion theories such as the unified nonlinear transport theory (see Ref. 5) have to be used.
In the current paper, we have shown that the only turbulence model for which particles are tied to magnetic field lines is the slab model. For all other cases, particles move away from the initial field line. The statement that in turbulence with reduced dimensionality the particle is tied to a single magnetic field line seems to be incorrect for twodimensional turbulence. The work presented in the current paper helps us to better understand the transport mechanisms leading to perpendicular transport and also to improve analytical theories for particle diffusion.
